INTRODUCTION
============

Cell migration is an essential process in embryonic development, wound repair, and both innate and adaptive immune responses. Movement of epithelial and mesenchymal cells is marked by the rich dynamics of the actin cytoskeleton responsible for force generation, the adhesion complexes responsible for force transduction, and the biochemical regulatory networks responsible for signal transduction ([@B54]). Orchestrating these dynamics are integrins, transmembrane adhesion receptors that engage both the actin cytoskeleton and the extracellular matrix (ECM) to transfer force during cell migration ([@B23]; [@B34]; [@B6]). In addition to acting as mechanical linkages, integrins cluster into discrete complexes that recruit numerous intracellular signaling proteins, which modulate polymerization of actin filaments and activation of the motor protein myosin II; small GTPases of the Rho family, such as Rac, Cdc42, and RhoA, are especially important in integrin-mediated signaling ([@B59]). Polymerization of the F-actin network is associated with protrusion of the leading membrane edge and, ultimately, cell translocation, whereas myosin II cross-links F-actin some distance away from the leading edge and mediates contraction. Contractility of the actomyosin network serves to move the cell body forward but also reins in protrusion by imposing a rearward stress on the actin network ([@B76]).

It has been appreciated for some time that actin, adhesion, and signaling dynamics are spatially and temporally integrated, and that this integration is both mechanical and biochemical in nature ([@B39]; [@B68]). In support of this concept, a preponderance of evidence indicate that protrusion is coupled to formation of nascent adhesions ([@B14]), nascent adhesions promote actin polymerization through activation of Rac and other signaling pathways ([@B52]), physical linkage between adhesion complexes and F-actin constitutes a mechanical clutch that is required for productive protrusion instead of retrograde flow ([@B35]; [@B75]; [@B65]), and adhesion complexes under tension promote activation of RhoA and myosin II ([@B60]; [@B28]). These and other experimental breakthroughs, alongside innovations in live-cell fluorescence microscopy and image processing, have led to a call for more quantitative and mechanistically integrative analyses of cell migration ([@B17]; [@B81]; [@B33]).

To develop insight into how interactions between the multiple molecular mechanisms just described produce the motility phenomena observed in mammalian cells, mathematical modeling has proven to be a valuable approach that complements the increasing complexity of the experimental data sets being acquired ([@B11]; [@B48]; [@B81]). To be most effective, it is clear that quantitative models must be formulated based on sound chemical and physical principles, with due consideration of biological detail weighed against the need to specify adjustable model parameters.

Toward this end, we have constructed and analyzed a physicochemical model with the following characteristics. First, our focus here is on the cell\'s leading edge, capturing the dynamics of the branched F-actin network and nascent adhesion formation zone marking the lamellipodium ([@B58]; [@B70]); although large static focal adhesions exist in the lamellum, where proportionally greater traction forces have been observed ([@B22]), we focus here on the more dynamic nascent adhesions due to their role in the signaling events that encourage actin polymerization and local protrusion ([@B52]; [@B14]; [@B40]). Phenomenological models cast at the level of a whole migrating cell ([@B19]; [@B86]; [@B64]) have proven to be insightful, but a whole-cell model replete with mechanistic detail is not yet tractable. Second, our model merges what we consider the essential features of, and coupling between, cytoskeletal mechanics and intracellular signal transduction, which have been explored separately in models emphasizing either the mechanics ([@B62], [@B61]; [@B84]; [@B21]; [@B78]; [@B87]; [@B3]; [@B69]) or biochemical aspects ([@B20]; [@B15]; [@B80]; [@B85]; [@B32]; [@B46]). Third, we implement the model as a stochastic simulation to capture the inherent fluctuations in lamellipodial network width ([@B24]) and in leading-edge protrusion velocity ([@B44]; [@B63]; [@B74]); the lack of an observable steady-state condition precludes a deterministic, continuum description as implemented in other models ([@B20]; [@B3]; [@B66]). Finally, our analysis of the model is based on variation of conditions that have been manipulated experimentally, namely the density of surface-bound ECM ([@B53]; [@B29]; [@B15]) and manipulation of myosin II abundance or activity ([@B29]; [@B77]; [@B38]; [@B83]).

RESULTS
=======

Formulation of a stochastic model coupling biochemical signaling and mechanical aspects of leading-edge adhesion and protrusion dynamics
----------------------------------------------------------------------------------------------------------------------------------------

We introduce here the ingredients and basic assumptions of the model ([Figure 1](#F1){ref-type="fig"}). The protrusion engine is the lamellipodium, which contains a network of branched F-actin linked to the underlying substrate by nascent adhesions. The model tracks the width of the network, which changes according to the rates of actin polymerization at the front and depolymerization at the rear of the lamellipodium. Nascent adhesion complexes have two distinct roles in promoting leading-edge protrusion ([Figure 1a](#F1){ref-type="fig"}). The first is a signaling function, in which adhesions mediate the activation of Rac (as a proxy for a combination of signaling proteins), which in turn increases the rate of actin polymerization ([@B16]; [@B52]). The second is a mechanical function, by which the adhesions bind reversibly to the F-actin network and thus serve as physical anchors to the underlying substratum. These interactions constitute a molecular clutch that allows slippage between adhesions and the actin network ([@B12]; [@B43]). The clutch mechanism opposes a portion of the stress on the F-actin network as it polymerizes and thus allows translocation of the membrane boundary ([@B7]; [@B31]; [@B35]). Nascent adhesions thus encourage productive membrane protrusion, and protrusion influences adhesion formation and turnover ([@B1]; [@B14]), completing a positive feedback loop ([Figure 1a](#F1){ref-type="fig"}).

![Physicochemical model of leading-edge protrusion. (a) Adhesion dynamics and signaling. Nascent adhesions, which are either uncoupled (open circle) or coupled (filled circle) to the F-actin network of the lamellipodium, form at a rate proportional to the velocity of membrane protrusion, *V*~mem~, depending on an efficiency parameter, *E*, that is related to ECM density. Nascent adhesions turn over as they emerge from the back of the F-actin network; the frequency of turnover is determined by *V*~mem~ and the F-actin network width, *δ*. Activation of Rac signaling, which stimulates local actin polymerization and accordingly augments *δ*, is mediated by nascent adhesions. (b) Stress balance on the F-actin network. Stresses exerted on the actin network by myosin contractility and resistance of the membrane to deflection determine retrograde flow, in concert with the molecular clutch that mechanically links nascent adhesions and the F-actin network. The adhesion clutch determines how much of the stress is transferred to nascent adhesions; this stress affects the rupture of nascent adhesion/F-actin bonds and the mechanosensitive activation of myosin II.](3945fig1){#F1}

Besides the more explicit inclusion of the adhesion-based clutch mechanism, the present framework improves upon our previous models ([@B15]; [@B80]) in two fundamental ways, both of which reflect the mechanical nature of protrusion regulation ([Figure 1b](#F1){ref-type="fig"}). The first is that the F-actin--bound adhesions are under tension and therefore mediate activation of myosin II. This mechanism is derived from evidence indicating that adhesion-based activation of the Rho/ROCK pathway is mechanosensitive ([@B28]). Thus tension stimulates Rho signaling and activation of myosin II, which exerts contractile stress at the rear of the lamellipodium ([@B30]; [@B8]; [@B36]; [@B10]; [@B18]). Pressure exerted on the F-actin network via the opposing membrane tension also contributes a rearward stress on the actin network ([@B35]). The resulting sum of these stresses, directed away from the leading edge, is distributed in a consistent way between the stress borne by the adhesion-based clutch and the remainder, which results in slippage of the network manifest as retrograde flow ([@B2]; [@B78]; [Figure 1b](#F1){ref-type="fig"}). The second mechanical effect captured by the model is the fragility of the adhesion/F-actin linkages under increasing force ([@B4]). Thus, when the stress on the F-actin network is not borne by a sufficient density of adhesive bonds, those bonds will collectively fail. Together, the effects of retrograde flow and rupture of the adhesion-based clutch constitute a myosin-based feedback loop that halts protrusion.

Adhesion-mediated biochemical and mechanical feedbacks control the duration and frequency of simulated protrusion events, predictive of distinct behavior as ECM density is varied
----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

The stochastic model was used to simulate leading-edge protrusion dynamics as seen in a local patch of the lamellipodium, systematically varying the parameter that corresponds to the density of ECM. Various studies have shown that cell migration speed varies biphasically as a function of ECM density (e.g., [@B53]). The persistence of leading-edge protrusion likely contributes to that relationship ([@B15]). Indeed, stochastic simulations of our protrusion model show a biphasic dependence of motility on ECM density ([Figure 2](#F2){ref-type="fig"}). When the ECM density is less than optimal, simulated protrusion events tend to be sporadic and short lived ([Figure 2a](#F2){ref-type="fig"}). They emerge stochastically and fail because the density of nascent adhesions formed is not sufficient to sustain the core protrusion feedback loop. Another feature of the low-ECM regime is that activation of myosin II is slight. Accordingly, the stress imposed on the F-actin network and the velocity of its retrograde flow are relatively low.

![Stochastic simulations of protrusion dynamics as a function of ECM density. (a--e) Simulation output for a local patch of the lamellipodium, with different values of the ECM density parameter, *E* (μm^−1^), as indicated. In each panel, membrane protrusion velocity (*V*~mem~) and myosin activity (*M*) are shown in one plot, and lamellipodial width (*δ*) and nascent adhesion number (*N*) are shown in the other.](3945fig2){#F2}

As the ECM density is increased, maintenance of adhesion-mediated signaling is more robust, whereas accumulation of stress mediated by activated myosin II limits the duration of simulated protrusion events. At a near-optimal ECM density, the trade-off between these two opposing effects is balanced, and more persistent protrusion events are observed ([Figure 2b](#F2){ref-type="fig"}). At intermediate ECM densities somewhat greater than the optimal condition, the duration of protrusions is limited by increased retrograde flow velocity, driven by changing myosin activity ([@B42]). Once retrograde flow outpaces actin polymerization, membrane protrusion and formation of nascent adhesions cease; accumulation of active myosin is rate controlling in this process, and therefore protrusions are shorter lived as the ECM density is increased above optimal levels ([Figure 2, c--e](#F2){ref-type="fig"}). Under these conditions, nascent adhesion density usually peaks after the maximal protrusion velocity is observed; given that nascent adhesions mediate activation of Rac, this result is consistent with the reported delay between protrusion and Rac1 activity ([@B45]). Protrusions are also predicted to be less frequent in this regime, limited by the time required to reset myosin activity to a sufficiently low level. At the highest ECM densities evaluated ([Figure 2e](#F2){ref-type="fig"}), the forces exerted on the F-actin--bound adhesions accumulate after cessation of protrusion and become so great that the bonds collectively fail. Later, we will show how failure of the clutch might actually enhance protrusion frequency by hastening the decay of local myosin activity.

The predicted distributions of protrusion durations are nonnormal, consistent with experimental measurements
------------------------------------------------------------------------------------------------------------

As the representative model output shows, protrusion velocity tends to switch rapidly between on and off states, suggesting that the stochastic protrusion dynamics for each simulation condition may be comprehensively characterized by the distributions of times spent in the protrusion-on and protrusion-off states. The distribution of simulated protrusion-on times is shown for each of multiple ECM density conditions ([Figure 3a](#F3){ref-type="fig"}), and the corresponding distributions of protrusion-off times are shown in Supplemental Figure S1. For each ECM density, the distribution of protrusion duration times shows a characteristic shape, with the short-lived, stochastic protrusions occurring most frequently and the persistent protrusions observed least frequently. When we compared the distributions of simulated protrusion durations to the distribution constructed from aggregate experimental measurements of optimally migrating mouse fibroblasts, we found similar characteristic protrusion distribution shapes ([Figure 3b](#F3){ref-type="fig"}; data for individual cells are shown in Supplemental Figure S2 and Supplemental Video S1). Another feature of the protrusion duration distribution, which emerges from the simulated dynamics at higher-than-optimum ECM density, is a distinct peak at the high end of protrusion times ([Figure 3a](#F3){ref-type="fig"}). This is caused by the tendency of the model toward more deterministic behavior (oscillations).

![Distributions of simulated and measured protrusion duration times. (a) The frequency histogram of protrusion duration times, constructed from model simulation results, shows a broad, nonnormal distribution that shifts as the ECM parameter is modulated. (b) An aggregate frequency histogram of protrusion duration times was constructed from experimental measurements of mouse fibroblasts migrating on fibronectin (*n* = 5). Distributions for the individual cells are shown in Supplemental Figure S2. (c) Ensemble simulation results for the protrusion duration times and the wait times between protrusions. For each value of the ECM density parameter, *E* (μm^−1^), each distribution of protrusion-on or -off times is characterized by its arithmetic mean and 98th percentile value.](3945fig3){#F3}

To compare distributions across simulation conditions, in which the ECM density parameter and other model parameters were varied, we report both the arithmetic mean and the 98th percentile of each distribution, the latter serving as a practical measure of the longer durations. Together, the mean and 98th percentile reflect the asymmetric shape of each distribution. As expected, by either metric there is an optimum of protrusion duration as a function of ECM density ([Figure 3c](#F3){ref-type="fig"}). The mean protrusion duration also shows a second peak in the range of higher ECM densities (*E* \> 10 μm^−1^), which reflects the change in skewness of the distribution, as shown in [Figure 3a](#F3){ref-type="fig"}. In this regime, increasing the ECM density reduces the duration of the longest-lived protrusions, whereas the incidence of short-lived protrusions is also reduced. Of interest, the maximum protrusion duration is not accompanied by the shortest wait time between protrusions, which is seen at a somewhat higher value of the ECM density parameter ([Figure 3c](#F3){ref-type="fig"}).

Model simulations advance the concept that protrusion is optimized by balancing adhesion formation against myosin activation
----------------------------------------------------------------------------------------------------------------------------

The sensitivity of the simulated dynamics to the various subprocesses included in the model can be evaluated by modulating the values of the model parameters, which might also reflect the effects of molecular perturbations or comparisons across cell backgrounds. For example, the subset of parameters related to the actin polymerization subcircuit affect the dynamics at low ECM density or shift the entire biphasic curve. Among the more illustrative of those parameters is the actin depolymerization rate constant, *k~DP~*. In the model, this parameter affects the steady-state width of the F-actin network and sets the time scale for its dynamic response to a change in polymerization rate. In turn, the lamellipodial width affects adhesion turnover, since nascent adhesions disintegrate once the F-actin network has moved completely over them ([@B75]). As expected, simulations show that increasing (decreasing) actin depolymerization frequency shifts the protrusion duration curve toward higher (lower) ECM density, by decreasing (increasing) the numbers of F-actin--bound adhesions ([Figure 4a](#F4){ref-type="fig"}). At the highest ECM densities, however, the protrusion dynamics are insensitive to actin depolymerization ([Figure 4a](#F4){ref-type="fig"}). Under these conditions, the rise in retrograde flow is faster than adhesion turnover, and therefore protrusions do not persist long enough for the nascent adhesion density to reach a plateau level.

![Opposing roles of adhesion and contractility in protrusion dynamics. (a) Model parameters that affect F-actin polymerization/depolymerization, such as the depolymerization rate constant, *k~DP~*, shift the protrusion duration vs. ECM density curve, except at very high ECM density. (b) Conceptual graph illustrating how optimization of protrusion duration (color bar) reflects a trade-off between generation of adhesions and generation of stress induced primarily by active myosin. The dashed line represents a path of increasing ECM density, which is altered by the mechanosensitivity of myosin activation. (c) The two indicated values of the ECM density parameter, *E* (μm^−1^), yield approximately equal protrusion durations. (d) Simulations illustrate the dynamics of total nascent adhesion density and the velocities of actin polymerization and F-actin retrograde flow for the two values of the ECM density parameter highlighted in c. The gray bars at the top of each plot mark intervals in the protrusion-on state.](3945fig4){#F4}

The simulations suggest a conceptual model in which the balance between adhesion formation and generation of stress through myosin II determines protrusion persistence. As illustrated in [Figure 4b](#F4){ref-type="fig"}, both nascent adhesion abundance and activation of myosin increase with ECM density, and their opposing effects define an optimal condition for protrusion. To exemplify this view of the model, we examined simulations for values of the ECM density parameter on either side of the optimum ([Figure 4c](#F4){ref-type="fig"}). As expected, the same near-optimal protrusion condition can be achieved with lower (higher) abundance of nascent adhesions combined with lower (higher) stress exerted by myosin on the F-actin network; as a consequence, retrograde flow catches up with actin polymerization to halt the longest-lived protrusions after roughly the same duration for the lower and higher ECM values (98th percentile values of 13.3 and 14.1 min, respectively). Excerpts from the simulations clearly show that the distributions of protrusion durations are not the same, however; the lower ECM value yields a higher incidence of protrusions of intermediate duration ([Figure 4d](#F4){ref-type="fig"}; see also [Figure 3a](#F3){ref-type="fig"}) and thus a higher mean (1.74 min, as compared with 1.25 min for the higher ECM). As we explore, the balance between adhesion formation and stress generation is altered by varying model parameters that affect the mechanosensi­tivity of myosin activation ([Figure 4b](#F4){ref-type="fig"}).

Modulating myosin abundance is predicted to dramatically alter protrusion dynamics at higher, but not at lower, ECM densities
-----------------------------------------------------------------------------------------------------------------------------

The foregoing analysis suggests that optimal conditions for protrusion satisfy a compromise between two adhesion-based feedback loops, with mechanical tension on F-actin--bound adhesions and activation of myosin constituting the basis for the feedback loop that reins in protrusion. The mechanosensitivity of this circuit can be modulated experimentally by affecting myosin abundance/activity or possibly by varying the stiffness of the adhesive substratum material. In our simulation framework, decreasing myosin abundance (as if by RNA interference or, analogously, by treatment with blebbistatin) allows for a higher optimum in protrusion duration, achieved at a modestly higher ECM density, and generally increases the durations of the longer-lived protrusions at intermediate and high ECM densities ([Figure 5a](#F5){ref-type="fig"}). This result stands in qualitative agreement with experimental observations that loss of function of myosin II ([@B77]; [@B15]; [@B41]; [@B9]) or of RhoA signaling ([@B73]) enhances protrusion. Further, because of the nonlinear nature of the feedback loop, the simulations predict an ultrasensitive dependence of optimal protrusion duration on myosin abundance. Our simulations also suggest that modulation of myosin abundance or activity has little effect on protrusion when ECM density is less than the optimum, which might explain why certain measurements show no discernible effect of myosin inhibition on protrusion ([@B24]).

![Sensitivity of the simulated protrusion dynamics to myosin abundance. (a) Myosin knockdown or inhibition was simulated by modulating the activation parameter, *k~a~*~,*m*~; myosin level refers to the value of this parameter relative to the base case. Reducing myosin contractility results in an ultrasensitive increase in the mean duration of protrusion, except when the ECM density parameter, *E* (μm^−1^), is low. (b) Simulated retrograde flow velocities, time-averaged during the protrusion-on periods, exhibit a saturable dependence on myosin abundance but are strongly sensitive to ECM density in the model. (c) Representative simulation results for *E* = 40 μm^−1^ compare the base case to a scenario with myosin abundance doubled.](3945fig5){#F5}

Another potential readout of lamellipodial mechanics is the velocity of retrograde flow. Simulations show that, for intermediate ECM densities, increasing myosin abundance results in increased retrograde flow (averaged during periods of protrusion), but the relationship is saturable; at higher myosin abundance, average retrograde flow velocity plateaus ([Figure 5b](#F5){ref-type="fig"}). The simulations show why this is the case: higher myosin abundance hastens the increase in retrograde flow, but during the (shorter) cycle of protrusion, the velocity of retrograde flow spans roughly the same range of values ([Figure 5c](#F5){ref-type="fig"}). In general, the simulation results agree with experimental observations detailing the temporal characteristics of actin and myosin in the lamellipodium during a protrusion event ([@B9]): myosin was found to be lacking during the initial phase of protrusion, followed by myosin accumulation and a sharp increase in retrograde flow before protrusion stops ([Figure 5c](#F5){ref-type="fig"}).

The effect of varying ECM density on the average retrograde flow parallels the effect of varying myosin abundance. When myosin abundance is low, average retrograde flow is an increasing function of ECM density, in qualitative agreement with experimental measurements that showed an increase in retrograde flow in the lamellipodium with increasing ECM ([@B29]); in the high-myosin regime, average retrograde flow velocity saturates ([Figure 5b](#F5){ref-type="fig"}). The effects of varying ECM density differ depending on whether retrograde flow is measured in the lamellipodium or in the lamellum ([@B22]), and our simulations suggest that the timing relative to the onset and cessation of protrusion will also affect measured retrograde flow values. Therefore, when comparing such predictions to experimental observations, it will be important to distinguish both the spatial location (lamellipodium vs. lamellum) and timing (relative to protrusion) of the retrograde flow measurements.

Retrograde flow and fragility of the adhesion-based clutch are predicted to affect protrusion failure in distinct ways
----------------------------------------------------------------------------------------------------------------------

Having assessed the influence of myosin-dependent stress on the F-actin network, we sought to modulate the mechanisms by which the stress is dissipated: through resistances associated with retrograde flow and the adhesion-based clutch. In the model, the distribution of stress between the two depends on the abundance of F-actin-bound adhesions; the more bonds there are, the more they collectively resist the stress. The velocity of retrograde flow that results from the remaining stress, relative to the velocity of F-actin polymerization, determines the attendant protrusion dynamics. As outlined in the *Discussion*, this sort of mechanical model might offer useful insight (at least conceptually) into how leading-edge motility is perturbed in cells migrating on mechanically soft substrates.

As one might expect, reducing the resistance to retrograde flow, characterized by the parameter *ξ*, affects the duration of protrusion in essentially the same manner as an increase in the yield of myosin activation ([Figure 6, a and b](#F6){ref-type="fig"}; compare [Figure 6b](#F6){ref-type="fig"} to [Figure 5c](#F5){ref-type="fig"}). Both increase the acceleration (but not the average velocity) of retrograde flow during protrusion, and thus the protrusion event is shorter in duration.

![Retrograde flow and clutch bond fragility affect the protrusion circuit in distinct ways. (a) A modest reduction in viscous drag resisting retrograde flow compromises protrusion, except when ECM density is low. (b) Simulation results, with *E* = 40 μm^−1^, suggest that protrusion duration is reduced because retrograde flow overwhelms actin polymerization more abruptly, in the same manner as an increase in myosin abundance. (c) The diagram illustrates the distribution of stress dissipated by retrograde flow (*σ*~ret~) and the adhesion-based clutch (*σ~c~*). When the force per bond, *f*, exceeds a critical value *f*~crit~, leading-edge protrusion cannot occur. Simulation results, with *E* = 200 μm^−1^, predict that a more fragile clutch (lower value of *f~c~*) can generate more frequent protrusions.](3945fig6){#F6}

Far less intuitive is the effect of modulating clutch fragility, which is characterized by the F-actin-adhesion bond compliance, *f~c~*. This parameter is formulated in units of force borne by each nascent adhesion in complex with the F-actin network, a bond composed of multiple interactions. When the force distributed among these interactions exceeds the value of *f~c~*, the bond tends to dissociate. As explained in the Supplemental Materials and Methods, the model predicts a direct relationship between the force per bond and the retrograde flow velocity. Protrusion stops when retrograde flow outpaces actin polymerization, defining a critical force *f*~crit~ above which protrusion cannot occur ([Figure 6c](#F6){ref-type="fig"}). For the base-case parameters, the bond compliance is far greater than this critical force, allowing F-actin--bound adhesions to activate myosin after protrusion ceases. For a reduced *f~c~* value, set equal to *f*~crit~, the duration of protrusion is essentially unchanged; the retrograde flow velocity needed to halt protrusion is associated with the same build-up of force. The difference is that cessation of protrusion is concomitant with clutch failure, interrupting the activation of myosin and allowing the system to reset sooner ([Figure 6c](#F6){ref-type="fig"}). When the value of *f~c~* is reduced further, well below that of *f*~crit~, the clutch is forced to oscillate between load and fail states, whereas myosin activity hovers around a characteristic value ([Figure 6c](#F6){ref-type="fig"}). As explained in the Supplemental Materials and Methods, this level of myosin activity is associated with the minimum stress needed to elicit retrograde flow that outpaces maximal actin polymerization.

DISCUSSION
==========

The present physicochemical model of leading-edge dynamics integrates aspects of integrin-mediated signaling and cytoskeletal mechanics, formulated at a level of granularity that allows a systematic analysis of their interplay. The signaling module is a stripped-down version of the core positive feedback loop described previously ([@B15]; [@B80]); when coupled with negative regulation, the previous models and the present one successfully capture the biphasic dependence of protrusion dynamics on ECM density and the stochastic nature of protrusion at low ECM density. The inclusion of mechanics in the present model offers a new, physically based description of the negative regulatory loop that limits protrusion duration at high ECM density. The interpretation is that protrusion ceases as a consequence of mechanosensitive activation of myosin II, which mediates increased retrograde flow and, under certain conditions, failure of the adhesion-based clutch. In the process, the model makes contact with existing biophysical measurements, including lamellipodial width, actin polymerization velocity, retrograde flow velocity, and traction stress. The model was used to simulate manipulations of myosin expression in combination with variation of ECM density, and the trends we report are qualitatively consistent with published experiments. As we now outline in more detail, analysis of the model also suggests new concepts that may be evaluated through quantitative experiments designed to test the hypotheses inherent in the model\'s construction.

Unlike deterministic models, stochastic models generate simulated data sets with fluctuations that can be compared with those seen in live-cell data. Perhaps the most intriguing emergent property of the present model is the broad distribution of protrusion durations, which shows a characteristic shape. This key feature of the model was validated through analysis of live-cell migration videos. Certainly, the protrusion times extracted from both simulations and experiments are not normally distributed, suggesting that the typical statistical comparisons might not be appropriate and that the shape of the distribution should be carefully considered when characterizing protrusion dynamics from experiments. We propose that the dynamics of individual protrusion events and the aggregate distributions thereof provide valuable information about local protrusion that is lost by studying population averages. For example, a comparison of mean protrusion durations showed no significant effect of the myosin inhibitor, blebbistatin ([@B24]). In the context of our model, this result is expected if the ECM density is even modestly below the optimum. Yet even under such conditions it might be possible to discern a subtle change in the distribution of protrusion durations.

At higher-than-optimum ECM density, the simulated distributions also show a distinct peak at the high end of protrusion times ([Figure 3a](#F3){ref-type="fig"}), a sign of more deterministic behavior. In reality, such regular oscillations would be less likely to appear because of additional sources of noise not considered in the present model, such as the subcellular distributions of myosin II ([@B29]; [@B77]) and G-actin ([@B37]). Nevertheless, in certain experimental contexts regular oscillations of leading-edge protrusion have been reported, and this phenomenon has been explained using mathematical modeling ([@B84]; [@B12]; [@B21]; [@B63]). These models and ours differ with respect to the subprocesses that are emphasized and the precise nature of the negative feedback that reins in protrusion. In Wolgemuth\'s model, stress is driven by a gradient in F-actin density, although he also considered the possibility of myosin motor--induced stress, which was postulated to increase according to the F-actin density ([@B84]). In their model of growth cone filopodia, [@B12]) considered myosin-induced stress, and like Wolgemuth they reasoned that the protrusion fails when adhesive bonds rupture. The model of [@B21]) does not explicitly describe adhesion to the substratum, focusing instead on attachment/detachment of actin filaments at the membrane boundary that naturally fluctuates in tandem with mechanical compression/relaxation of the F-actin network. Finally, [@B63]) proposed that the increase in F-actin density during protrusion feeds back to inhibit the generation of new barbed ends; that is, control is entirely at the level of F-actin polymerization. This view is consistent with experiments showing that retrograde flow is invariant in their system. By comparison, our model focuses on adhesion dynamics and activation of myosin through adhesion-mediated feedback. Under conditions in which our model produces oscillations, the hallmarks of protrusion deceleration and cessation are accumulation of myosin activity and increased retrograde flow, in line with reported observations ([@B9]).

Other concepts emerging from this analysis concern the dynamic mechanisms that mechanically regulate the lamellipodium. In the model, stress on the F-actin network is distributed between an adhesion-based clutch and retrograde flow, and rearrangement of the underlying equations revealed a linear relationship between the force exerted on each F-actin--bound nascent adhesion and the retrograde flow velocity. Although this prediction relies on simplifying assumptions, it presents a plausible and testable hypothesis. The other aspect of lamellipodial mechanics is the fragility of F-actin--adhesion bonds. Our simulations suggest that this parameter could be precisely tuned so that cessation of protrusion, brought about by increased retrograde flow, is accompanied by failure of the clutch. With fewer adhesions under tension, local myosin activity relaxes faster, allowing the system to reset more efficiently. If this were the case in migrating cells, it would be possible to diagnose by tracking the slip of F-actin relative to nascent adhesions.

Although it is widely speculated that adhesion and lamellipodial F-actin mechanics largely determine cell spreading and motility responses on soft materials, the mechanisms by which cells sense and respond to substratum stiffness are not well understood ([@B5]). The general observations are that cell spreading and traction stress monotonically increase as a function of stiffness, whereas cell migration speed is optimized at an intermediate stiffness value that is reduced as the ECM density is increased ([@B56]; [@B72]; [@B67]). The concept that substratum stiffness enhances the efficiency of adhesion formation for a given ECM density seems to unify these observations and has solid theoretical support ([@B55]); however, cell speed is a macroscopic readout that integrates multiple, subcellular processes. In light of our analysis, an analogous data set quantifying protrusion duration and frequency statistics, preferably in conjunction with live-cell imaging of adhesion or F-actin dynamics, might be more mechanistically insightful. In the context of our model, the proposed mechanism of adhesion clustering efficiency increasing with stiffness could be incorporated at a coarse-grained level as a shift in the ECM density parameter, but other possible mechanisms may also be considered. One is that migration on a soft surface might alter the distribution of stress, manifest as the slope/shape of the aforementioned force--retrograde flow relationship. A simple yet new idea along that line, consistent with recent experimental measurements ([@B2]), is that substratum compliance reduces the resistance to retrograde flow. The physical interpretation is that forward movement is reduced by the rearward deflection of the surface, thus limiting protrusion duration on soft surfaces. A different but not mutually exclusive mechanism is that substratum compliance might dissipate a fraction of the tension exerted on F-actin--bound adhesions. In the present model, this effect is cast as a more robust (less fragile) clutch mechanism and reduced mechanosensitive feedback to myosin II, which would offset at least partially the aforementioned reduction in protrusion duration. As outlined here, multiplexed measurements of protrusion statistics, retrograde flow, and traction stress will be needed to deconvolute these interwoven effects.

Cell migration speed is a complex function of protrusion and retraction dynamics ([@B9]). The present model of leading-edge protrusion is minimally detailed and intended as a starting point for incorporating greater mechanistic detail and integrating multiple subprocesses that together determine overall cell migration speed and persistence. In terms of biological mechanisms, one could add details about the signaling pathways mediated by integrins and by other cell surface receptors that sense spatial cues, as in chemotaxis, for example, along with details of how those pathways modify F-actin ([@B20]). In terms of the model\'s physics, the primary refinement that would need to be addressed is to move toward a spatially extended stochastic framework, which would allow for proper accounting of variation in F-actin density and nucleotide state as a function of position (relative to the membrane boundary and along its contour), for example. As demonstrated in other models of cell motility, spatial models can incorporate and couple diffusion and advection of molecular components ([@B49]; [@B20]; [@B15]), F-actin rheology ([@B62], [@B61]; [@B69]), and the self-organization of myosin ([@B3]; [@B71]). Thus the prospect of integrating the different F-actin and adhesion mechanics in the lamellipodial and lamellar regions ([@B22]) should be approachable. Of course, model refinements generally increase the burden of adding new adjustable parameters and modeling assumptions, and hence it will be important to build such models in concert with quantitative live-cell imaging and other experimental advances.

MATERIALS AND METHODS
=====================

Modeling
--------

For compactness, the model is presented here as a system of ordinary differential equations and associated algebraic relations. The conversion of this deterministic system into a stochastic model and the implementation of stochastic simulations were performed as previously described ([@B82]). Stochastic variables are updated in time using a Gillespie-based formalism ([@B26]), implemented in MATLAB (MathWorks, Natick, MA) using the next-reaction method ([@B25]). Thus noise arises from fluctuations in the numbers of each species in the control volume. All pertinent details of the simulations and a fuller discussion of the underlying model assumptions and parameter estimates are provided in the Supplemental Materials and Methods.

The width of the lamellipodium, *δ* (μm), changes according to the rates of F-actin polymerization and depolymerization. The polymerization velocity, *V~P~*, is a saturable function of active Rac, density *R* ([@B15]; [@B80]). The depolymerization velocity is proportional to *δ*, with rate constant *k~DP~*, consistent with theory ([@B47]):

Activation of Rac signaling is mediated by nascent adhesions, density *N*. The rates of adhesion formation and turnover depend on the velocity of membrane protrusion, *V*~mem~ ([@B13]; [@B14]), which determines the throughput of immobile adhesions as the F-actin network moves forward. The adjusted parameter *E* (μm^−1^) defines the efficiency of nascent adhesion formation and is a (not necessarily linear) function of the ECM density ([@B15]; [@B80]):

Base parameter values for this part of the model were fixed at *V~P~*~,max~ = 2 μm/min ([@B57]), *V~P~*~,0~ = 0.005 μm/min, *K~V~* = 1, *k~DP~* = 1.2 min^−1^ ([@B61]), *k~d~*~,*n*~ = 0.2 min^−1^, *k~a,r~* = 4 min^−1^, and *k~d,r~* = 4 min^−1^ ([@B50]).

Equations 1 and 2 constitute a protrusion-based positive feedback loop ([@B15]; [@B80]). In the present model, we account more explicitly for the mechanics that determines the F-actin retrograde flow velocity, *V*~ret~, which offsets actin polymerization according to *V*~mem~ = *V~P~* − *V*~ret~ ([@B3]). We impose a mechanical stress balance, by which the imposed rearward stress *σ*, with contributions from boundary pressure and the action of myosin (*σ~b~* and *σ*~myo~, respectively), is opposed by the collective tension on the adhesion-based clutch, *σ~c~*, and by dissipation associated with retrograde flow, stress *σ*~ret~. These quantities are expressed as forces (in pN) distributed over the projected area of the F-actin network in the simulated compartment. For simplicity we assume linear relationships relating *σ~b~* to *V*~mem~ and *σ*~ret~ to *V*~ret~ ([@B3]), and we define the density of active myosin *M*:

As explained in more detail in the Supplemental Materials and Methods, we reason that the distribution of stress between *σ~c~* and *σ*~ret~ depends on the F-actin--bound adhesion density *N~c~*. Another, mathematically equivalent way of casting this argument is that *V*~ret~ is related to total stress *σ* by a friction coefficient that is an increasing function of *N~c~* ([@B3]):

Base parameter values here were fixed at *α~b~* = 10 pN-min/μm, *α*~myo~ = 5 pN, *ξ* = 200 pN-min/μm, and *α~c~* = 0.05. Parameterization here was based on estimates of forces imposed on adhesions and retrograde flow velocities reported in the literature ([@B51]; [@B22]; [@B27]), as discussed in the Supplemental Materials and Methods.

We assume that the aforementioned clutch is composed of nascent adhesion complexes (density *N~c~*) that are bound to the F-actin network ([@B12]). We assume that the densities of bound and unbound adhesions are close to equilibrium and that the equilibrium is perturbed by the applied force *f* borne by each bond (which is composed of multiple molecular interactions); we apply the Boltzmann-like relationship attributed to [@B4]) to model the rupture of adhesive bonds under force:

Tension on the clutch adhesions also feeds back to enhance myosin activation, in accord with a mechanosensitive, Rho-dependent pathway ([@B28]). The Boltzmann representation is used here again to distinguish those F-actin--bound adhesions that are capable of mediating myosin activation (density *N~c\*~*); this equilibrium responds positively to force:

Base parameter values for this part of the model were fixed at *K~c~*~,0~ = 1.5 and *f~c~* = 200 pN, *k~a,m~* = 0.5 min^−1^, *k~d,m~* = 0.1 min^−1^, *K~c\*~*~,0~ = 1, and *f~c\*~* = 10 pN. These values were assigned as described in the Supplemental Materials and Methods.

Experimental
------------

Experiments using NIH 3T3 cells (American Type Culture Collection, Rockville, MD), expressing a green fluorescent protein (GFP)--tagged protein (GFP-AktPH) and randomly migrating on fibronectin-coated cover slips, were conducted as described previously ([@B79]). The contact area of each cell was imaged by total internal reflection fluorescence microscopy and segmented as described previously ([@B79]). A 63×, 1.0 numerical aperture water immersion objective (Carl Zeiss, Thornwood, NY) was used, and the time interval between frames was 5 s. Protruded pixels were grouped according to their proximity in space and continuity in time (Supplemental Materials and Methods and Supplemental Figure S3).
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